Abstract. Let G be a group and nil(G) = {x ∈ G | x, y is nilpotent for all y ∈ G}. Associate a graph R G (called the non-nilpotent graph of G) with G as follows: Take G \ nil(G) as the vertex set and two vertices are adjacent if they generate a non-nilpotent subgroup. In this paper we study the graph theoretical properties of R G . We conjecture that the domination number of the non-nilpotent graph of every finite non-abelian simple group is 2. We also conjecture that if G and H are two non-nilpotent finite groups such that
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The vertex set and edge set of a graph Γ is denoted by V (Γ) and E(Γ) Let U be a nonempty subset of the vertex set of a graph Γ. The induced subgraph of Γ on U is defined to be the graph Γ [U ] in which the vertex set is U and the edge set consists precisely of those edges in Γ whose endpoints lie in U .
The vertex connectivity, κ(Γ), of a connected graph Γ is the smallest number of vertices whose removal disconnect Γ. A subset S of the vertices of a connected graph Γ is called a cut set, if Γ \ S is not a connected graph.
The genus of a graph Γ, denoted by γ(Γ), is the smallest non-negative integer g such that the graph can be embedded on the surface obtained by attaching g handles to a sphere. Clearly, ifΓ is a subgraph of Γ, then γ(Γ) ≤ γ(Γ). Graphs having genus zero are called planar graphs, while those having genus one are called toroidal graphs. Graphs having genus two are called double-toroidal graphs. If n ≥ 3, then it is well-known (see [19, ) that the genus of the complete graph K n is given by
On the other hand, if m, n ≥ 2, then it is also well-known (see [19, that the genus of the complete bipartite graph K m,n is given by
ON THE NON-NILPOTENT GRAPHS OF A GROUP
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Some properties of non-nilpotent graphs
Let G be a group and x ∈ G. Then,
We call nil G (x) the nilpotentizer of x in G. For a nonempty subset of G, the nilpotentizer of S in G is defined as
We call nil G (G) the nilpotentizer of G, and it will be denoted by nil(G). Thus
We begin the section with the following result which enables us, in particular, to use Z * (G) and nil(G) interchangeably whenever the group G satisfies the maximal condition on its subgroups or G is a finitely generated solvable group. 
, where R(G) is the set of right Engel elements of G.
(2) If G satisfies the maximal condition on its subgroups or G is finitely gen-
Before stating the propositions that follow, it might be worth observing that G = nil(G) if and only if G is not weakly nilpotent.
Proposition 3.2. Let G be a non-weakly nilpotent group.
(1) If nil(G) is a subgroup and {x} is a dominating set for R G , then nil(G) = 1, x 2 = 1 and nil G (x) = x . Proof.
(1) If nil(G) contains a non-trivial element z, then, since nil(G) is a subgroup of G, we have xz ∈ nil(G), that is xz ∈ V (R G ). Clearly, xz is not adjacent to x, a contradiction, so nil(G) = 1. Also if x 2 = 1, then x −1 is not adjacent to x. Now since nil(G) = 1 and x is adjacent to all vertices of R G , nil G (x) = x .
(2) Suppose that λ(R G ) = 1. Thus G contains a non-identity element x such that {x} is a dominating set for R G . By part (1) we have nil G (x) = x and 82 DEIBORLANG NONGSIANG AND PROMODE KUMAR SAIKIA
is a normal abelian subgroup of G, such that G = A x and obviously A ∩ x = 1. Thus G is a solvable periodic group which implies that G is locally finite. Let a ∈ A be a non-trivial element of A, then B = a, a x is a finite abelian normal subgroup of G. Hence x induces a fixed-point-free automorphism of order 2 in B, which implies that B is an abelian group of odd order (see, for example, [13, Exercise 10.5.1]) and also we have b
Now assume that G contains a normal abelian subgroup A and an element x of order 2 with the properties stated in the proposition. It is easy to see that nil(G) = 1 and the subgroup generated by any elements of G \ x and x is not nilpotent, so {x} is a dominating set.
Remark 3.4. Let G be a group which is not weakly nilpotent. Then a subset S of
dominating set if and only if nil G (S) ⊂ nil(G)∪S. To see this, suppose
S is a dominating set. If a ∈ nil(G) ∪ S, then by definition of dominating set, there exists x ∈ S, such that x, a is not nilpotent. Thus a ∈ nil G (S). It follows that
Therefore, a is adjacent to at least one element of S. This completes the proof.
Remark 3.5. If G is a non-weakly nilpotent nn-group, then for all x, y ∈ G\nil(G) with x, y not nilpotent, we have {x, y} is a domination set for R G . To see this, we need only to note that if a, b, c ∈ G \ nil(G), such that a, b and b, c are nilpotent, then a, c is nilpotent. Thus domination number of R G is less than or equal to 2.
Proposition 3.6. The domination number of the non-nilpotent graph of A 5 is 2.
Proof. First note that A 5 is an nn-group. Thus, by the above remark, domination number of R A5 is less than or equal to 2. Since A 5 is a simple group, A 5 does not contain a non-trivial proper normal subgroup. Thus Proposition 3.2 completes the proof.
We need the following result in the sequel.
Proposition 3.7. Let G = Sz(2 2m+1 ) be the Suzuki group over the field with 2 2m+1 elements, m > 0. Let q = 2 2m+1 and r = 2 m . Then
(c) G contains a cyclic subgroup B of order q + 2r + 1 and
(e) Suppose x is a non-trivial element of G. Then,
In particular, G is an nn-group. 
is a partition for G and C G (y) ≤ M ∪ {1} for all y ∈ M and M ∈ P. Now let a be a nontrivial element of G. Since P is a partition for G, a ∈ M for some M ∈ P.
Now by [2, Lemma 3.7], we have nil G (a) = M ∪ {1}. These prove (e) and thus it follows that G is an nn-group. Proof. By Proposition 3.7, we have G is an nn-group. By Remark 3.5, we have
Since G is a simple group, G does not contain a non-trivial proper normal subgroup. Thus Proposition 3.2 completes the proof.
Let G be a non-abelian group. The non-commuting graph of G, denoted by Γ(G)
is the graph with G \ Z(G) as vertex set and two vertices are adjacent if they do not commute (see [1, 5] ).
Proposition 3.9. Let q be a prime power number such that q 2 ≡ 1 mod 16 and
Proof. By [2, Lemma 3.9], we have nil G (a) = C G (a) for all non-trivial elements Remark 3.11. The difficulty to prove the conjecture is that, if G = x, y is a finite simple group, then {x, y} need not be a dominating set. For example in the group P SL(3, 2), we have, P SL(3, 2) = (3, 4)(5, 6), (1, 2, 3, 6)(4, 7) , but {(3, 4)(5, 6), (1, 2, 3, 6)(4, 7)} is not a dominating set since (3, 4)(5, 6), (1, 2) (3, 6) and (1, 2, 3, 6)(4, 7), (1, 2)(3, 6) are nilpotent. Also, by [7] , λ(R G ) = 2 for any simple group whose order is less than 2000.
Proposition 3.12. Let G be a finite non-nilpotent group. Then R G is a complete multi-partite graph if and only if G is an nn-group. In particular,
Also, if x ∈ X and y ∈ G \ nil(G) such that x, y is nilpotent, then, we have u, y is nilpotent, and so, y ∈ X. It follows that R G ∼ = K |X1|,...,|Xn| .
Conversely, suppose R G is a complete multipartite graph. Let X 1 , X 2 , . . . , X n be the partite sets. Let x ∈ G \ nil(G), then x ∈ X i for some i and nil G (x) \ nil(G) = X i . Now if y, z ∈ nil G (x) \ nil(G) = X i , then y, z is nilpotent and yz ∈ nil G (y) = nil G (x). Thus nil(nil G (x)) = nil G (x) and so nil G (x) is a nilpotent subgroup of G. Thus G is an nn-group.
Lemma 3.13. Let G be a non-weakly nilpotent group and x, y ∈ G. Then the following assertions hold:
is nilpotent for all u, v ∈ Z * (G) and if G is a finite group, then x, y, Z * (G)
is nilpotent.
(ii) if x, y is not nilpotent, then for all u, v ∈ Z
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The answer is no in general. Consider the disjoint union of cyclic groups of odd order C := {Z/pZ | p an odd prime}. By a theorem of A. Yu. Ol'shanskii (see [10, Theorem 35.1]), there exists an odd integer n for which this collection of groups can be embedded into a countable 2-generated simple group G such that every proper subgroup of G either is cyclic of order dividing n or is conjugate to a subgroup of a group from C.
Clearly G is non-nilpotent, but every proper subgroup of G is cyclic of finite odd prime order. Since each group from C is a subgroup of G, one sees that there is no bound on the orders of the cyclic subgroups.
We show in the next theorem that the answer to the above question is yes in some cases.
Theorem 3.18. Let G be a non-weakly nilpotent group whose non-nilpotent graph has no infinite independent sets. If nil(G) is a subgroup and G is an Engel, locally finite, locally solvable or a linear group or a 2-group, then G is a finite group. In particular α(G) is finite.
is finite. Therefore, the hypothesis is equivalent to the following: Every nilpotent subgroup of G is finite and thus every abelian subgroup of G is finite. In particular, every cyclic subgroup of G is finite, so G is periodic. We know that an infinite locally finite group or an infinite 2-group contains an infinite abelian subgroup (see [13, Theorem 14.3.7] ), and also every periodic locally solvable or linear group is locally finite. Thus in these case G is finite. Now if G is Engel group, since every abelian subgroup of G is finite, a result of Plotkin [12, Corollary, p. 55] , implies that G is a finite nilpotent group. This completes the proof.
Proposition 3.19. Let G be an nn-group. Then for every maximal independent set S, S ∪ nil(G) is a maximal weakly nilpotent subgroup of G.
Proof. We have S ∪ nil(G) ⊂ nil G (x) for all x ∈ S. Since S is maximal and G is an nn-group, we have
is a maximal weakly nilpotent subgroup of G.
Remark 3.20. Consider the group
Then G is not an nn-group. Also I = {x, y, yxzy} is an independent set of R G and I ∼ = G. This shows that a subgroup generated by an independent set may not be a nilpotent subgroup. Also there exists a maximal independent set S, such that X ⊆ S. Since the edge set of R G is non-empty, we have S = G \ nil(G), showing that S ∪ nil(G) is not a subgroup of G. So the last proposition cannot, in general, be improved.
Groups with the same non-nilpotent graphs
In this section we consider the non-weakly nilpotent groups with isomorphic non-nilpotent graphs. Note that if G and H are two groups, then R G ∼ = R H if and only if there exists a bijective map φ : V (R G ) −→ V (R H ) such that for every two distinct elements x, y ∈ V (R G ), we have x, y is not nilpotent if and only if
We begin the section with the following theorem.
Theorem 4.1. Let G and H be two groups such that
G is a centerless AC-group and thus by [2, Lemma 3.6], G is an nn-group. It follows from Proposition 3.12 that H is an nn-group. Given that there exists x ∈ G, such
Thus qr | l − 1. But l | qr − 1. Thus l = 1 and |G| = |H|.
Remark 4.9. The non-nilpotent graph of the following groups,
are isomorphic to a complete 92-partite graph, with 91 partite set of size 2 and one partite set of size 90. Also
are disjoint and are isomorphic to
, which is a contradiction. Thus G has no element of order 4, since Z(G) = 1.
Thus for all g ∈ G, order of g is either 1 or 2 or 3.
Let H and K be the union of all the 2−elements and 3−elements of G, respectively. Let x ∈ H and y ∈ K. Then, We need the following result in the sequel. Proof. The result follows from Proposition 3.7 and Proposition 6.2.
